COMPLETE DETERMINATION OF THE NUMBER OF GALOIS POINTS 
FOR A SMOOTH PLANE CURVE 



SATORU FUKASAWA 

Abstract. Let C be a smooth plane curve. A point P in the projective plane is said to be 
Galois with respect to C if the function field extension induced from the point projection from 
P is Galois. We denote by 5(C) (resp. <5'(C)) the number of Galois points contained in C (resp. 
in P 2 \ C). In this article, we determine the numbers <5(C) and <5'(C) in any remaining open 
cases. Summarizing results obtained by now, we will have a complete classification theorem of 
smooth plane curves by the number <5(C) or <5'(C). In particular, we give new characterizations 
of Format curve and Klein quartic curve by the number &'(C). 



1. Introduction 

Let the base field K be an algebraically closed field of characteristic p > and let C C P 2 be a 
smooth plane curve of degree d > 4. In 1996, H. Yoshihara introduced the notion of Galois point 
(see [HI [18] or survey paper [5]). If the function field extension K(C)/K(V 1 ), induced from the 
projection up : C —> P 1 from a point P £ P 2 , is Galois, then the point P is said to be Galois with 
respect to C. When a Galois point P is contained in C (resp. P 2 \ C), we call P an inner (resp. 
outer) Galois point. We denote by 5(C) (resp. S'(Cj) the number of inner (resp. outer) Galois 
points for C . It is remarkable that many classification results of algebraic varieties have been given 
in the theory of Galois point. 

Yoshihara determined 5(C) and 8'(C) in characteristic p = ([HI [18]). In characteristic p > 0, 
M. Homma [T3] settled 5(H) and 5'(H) for a Fermat curve H of degree p e + 1. Recently, the 
present author determined 5(C) when p > 2 or d — 1 is not a power of 2 ([31 H]), and 5'(C) when 
d is not divisible by p, d = p, or d — 2 e in p = 2 ([3j [U [7]). The following problems remain open 
([U Part III, Problem], [5, Problem 2]). 

Problem. (1) Let p = 2 and let e > 2. Find and classify smooth plane curves of degree 
d=2 e + l with 5(C) = d. 
(2) Let p > 0, e > 1 and Zei d = p% where I is not divisible by p. Assume that (p e ,l) ^ 
(p, 1), (2 e , 1). Then, determine 5' (C) . 

In this article, we give a complete answer to these problems. 
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Theorem 1. Let p — 2, let e > 2 and let C be a smooth plane curve of degree d = 2 e + 1. Then, 
5(C) = d if and only if C is projectively equivalent to a plane curve given by 

(lc) Yl ( x + a V + « 2 ) + C V T+1 = 0, 

where c G K \ {0, 1}. 

Theorem 2. Let the characteristic p > 0, let e > 1, Zet Z &e not divisible by p, and let C be a 
smooth plane curve of degree d — p e l > 4. If (p e , I) ^ (2 6 , 1), then 8 '(C) < 1. 

Summarizing Theorems [T] and [2] and the results of Yoshihara, Homma and the present author, 
we will have the following classification theorem of smooth plane curves by the number 5(C) or 
5'(C). 

Theorem 3 (Yoshihara, Homma, Fukasawa). Let C be a smooth plane curve of degree d > 4 in 
characteristic p > 0. Then: 

(I) 5(C) = 0, 1, d or (d — l) 3 + 1. Furthermore, we have the following. 

(i) 5(C) = (d — l) 3 + 1 if and only if p > 0, d — p e + 1 and C is projectively equivalent 
to a Fermat curve. 

(ii) 5(C) — d > 5 if and only if p — 2, d = 2 e + 1 and C is projectively equivalent to a 
curve defined by Y[ a e¥ 2 i ( x + a U + c 2 ) + c y 2 +1 = 0, where c G K \ {0, 1}. 

(iii) 5(C) = d = 4 if and only if p ^2,3 and C is projectively equivalent to a curve defined 
by x 3 + y 4 + 1 = 0. 

(II) 5'(C) = 0, 1, 3, 7 or (d - l) 4 - (d - l) 3 + (d - l) 2 . Furthermore, we have the following. 

(i) 5'(C) = (d — l) 4 — (d — l) 3 + (d — l) 2 if and only if p > 0, d — 1 is a power of p and 
C is projectively equivalent to a Fermat curve. 

(ii) 5'(C) = 7 if and only if p — 2, d — 4 and C is projectively equivalent to Klein quartic 
curve. 

(iii) 5'(C) = 3 and three Galois points are not contained in a common line if and only if 
d is not divisible by p, d — 1 is not a power of p, and C is projectively equivalent to a 
Fermat curve. 

(iv) 5'(C) = 3 and three Galois points are contained in a common line if and only if p = 2, 
d = 4 and C is projectively equivalent to a plane curve defined by 

(x 2 + xf + (x 2 + x)(y 2 +y) + (y 2 +y) 2 +c = 0, 

where c G K \ {0, 1}. 

This is a modified and extended version of the paper [A; Part IV] (which will have been published 
only in arXiv). 

2. Preliminaries 

Let C C P 2 be a smooth plane curve of degree d > 4 in characteristic p > 0. For a point P E C, 
we denote by TpC C P 2 the (projective) tangent line at P. For a projective line I C P 2 and a 
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point P € C fl I, we denote by Ip(C, I) the intersection multiplicity of C and I at P. We denote 
by PR the line passing through points P and R when P 7^ P, and by 7rp : C — > P 1 ; R >-} Pi? the 
point projection from a point P S P 2 . If P G C, we denote by ep the ramification index of irp at 
P. It is not difficult to check the following. 

Lemma 1. Let P G P 2 and let R G C . Then for up we have the following. 

(1) // R = P, then e R = I R (C, T R C) - 1. 

(2) IfR^P, then e R = I R (C,PR). 

Let P be a Galois point. We denote by Gp the group of birational maps from C to itself 
corresponding to the Galois group Ga\(K(C)/TT R K(P 1 )). We find easily that the group Gp is 
isomorphic to a subgroup of the automorphism group Aut(C) of C. We identify Gp with the 
subgroup. 

If a Galois covering 9 : C — > C between smooth curves is given, then the Galois group G acts 
on C naturally. We denote by G(P) the stabilizer subgroup of P. The following fact is useful to 
find Galois points (see QU III. 7.1, 7.2 and 8.2]). 

Fact 1. Let 9 : C — > C 1 be a Galois covering of degree d with a Galois group G and let P, P' G C . 
Then we have the following. 

(1) For any a G G, we have 9(cr(R)) = 9(R). 

(2) If 9(R) = 9{R'), then there exists an element a G G such that o~(R) = P'. 

(3) The order of G{R) is equal to e R at R for any point R G C. 

(4) If9(R) =9{R'), then e R = e Rf . 

(5) The index e R divides the degree d. 

We recall a theorem on the structure of the Galois group at a Galois point (see [H Part II]). Let 
d — 1 = p e l (resp. d — p e l), where I is not divisible by p, let ( be a primitive l-th root of unity, 
and let k — [F p (C) : F p ]. Let P = (1 : : 0) be an inner (resp. outer) Galois point for C. The 
projection up : C — > P 1 is given by (x : y : 1) i— > (y : 1). We have a field extension K(x, y)/K(y) 
via up. Let 7 G Gp. Then, the automorphism 7 G Gp can be extended to a linear transformation 
of P 2 (see [U Appendix A, 17 and 18] or [2]). Let A~ t — (a^) be a 3 x 3 matrix representing 7. 
Since 7 G Gp, cr*(y) = y. Then, (a 2 ix + a 2 2y + 023) - (^31^ + a 32 y + a 33 )y = in K(x, y). Since 
d > 4, we have 021 = a 2 3 = 031 = a 32 = and a 22 = ^33- We may assume that a 22 — 033 = 1. 
Since j p 1 = 1, we have a u = 1. We take a group homomorphism Gp — > K \ Q; 7 h-> an (7), where 
011(7) is the (1, l)-element of Ay. Then, we have a splitting exact sequence of groups 

-> (Z/pZ)® e -»• Gp -> (C) -> 1, 

and the following theorem. 

Theorem 4. Lei C C P 2 be a smooth curve and let P be an inner (resp. outer) Galois point. 
Then, k divides e and Gp = (Z/pZ)® e x (£). 
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(The condition that k divides e is equivalent to that I divides p e — 1.) We denote the kernel (resp. 
quotient) by /Cp (resp. by Qp). An element a G /Cp (resp. a generator r G Qp) is represented by 
a matrix 





( 


1 




013(0") ^ 




( 


C a 12 (r) 


013(1") 













1 





( resp. A T = 




1 







)• 




\ 








1 J 




{ 
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J 





where 012(a), 013(0"), 012 (r), 013 (r) G K . For each non-identity element 7 G Gp, there exist a G /Cp 
and i such that 7 = or 1 . Then, there exists a unique line L 7 , which is defined by (£ l — 1)X + 
(012(0) + a 12 (r l ))Y + (013(0-) + oi 3 (r l ))Z = 0, such that ~/(R) = R for any R G L 7 . Note that 
P G L 7 if and only if 7 G /Cp. For a suitable system of coordinates, we can take 012 (r) = oi 3 (t) = 0. 
Finally in this section, we note the following facts on automorphisms of P 1 . 

Lemma 2. We denote by Aut(P 1 ) the automorphism group ofW 1 . 

(1) Let Pi, P 2 , P 3 G P 1 6e £/iree rfistinct points and /et 71, 72 G Aut(P 1 ). Ifji{Pi) = 72 (-Pi) /or 
i = 1, 2, 3, then 71 =72- 

(2) Let P\,P 2 G P 1 6e distinct points and let G C Aut(P 1 ) be a finite subgroup. If "/(Pi) = Pi 
and 7(^2) = P 2 for any 7 G G, then G is a cyclic group whose order is not divisible by p 
if p > 0. 

(3) Let I be not divisible by p, let P G P 1 , and let G C Aut(P x ) be a subgroup of order I. 
Assume that G is cyclic and t(P) = P for any r G G. Then, there exists a unique point 
Q such that Q ^ P and t(Q) = Q for any r G G. 

Proof. The fact (1) is easily proved, if we use the classical fact that any automorphism of P 1 is 
a linear transformation. We prove (2). We may assume that P\ = (1 : 0) and P 2 = (0 : 1). Let 
7 G G. Since 7(-Pi) = Pi and 7^2) = P 2 , 7 is represented by a matrix 




where 0(7) G K . Then, a homomorphism ip : G K \ : "/ 0(7) is injective and tp(G) is cyclic. 
Let m be the order of "0(G). Then, ip(G) is contained in a set {x G K \ 0|x m — 1 = 0}. If m is 
divisible by p, the set consists of at most m/p elements. Therefore, m is not divisible by p. We 
have the conclusion. 

We prove (3). We may assume that P = (1 : 0). Let r be a generator of G. Since t(P) = P 
and r is an automorphism of order I not divisible by p, t is represented by a matrix 

A,= (< M. 



where £ is a primitive l-th root of unity and b G K. Then, t 1 is represented by a matrix 
Let Q = (x : 1). Then, t 1 (Q) — Q if and only if (( — l)x + b = 0. We have the conclusion. 



□ 
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3. Only-if-part of the proof of Theorem Q] 



Let p = 2, let q — 2 e > 4 and let C be a plane curve of degree d = q+1. Assume that 5(C) = d. 
Let Pi,...,Pd be inner Galois points for C. By the results of the previous paper [4] Part III, 
Lemma 1, Propositions 1, 3 and 4], we have the following. 

Proposition 1. Assume that 6(C) = d. Then, we have the following. 

(1) Galois points Pi, . . . , P& are contained in a common line. 

(2) For any i and any element a £ Gp i \ {1}, the order of a is two. 

(3) For any i and any elements a,r £ Gp t \ {1} with a ^ r , L a ^ Tpfi and L a =/= L T . In 
particular, a set {Tp 1 C D Tp { C\2 < i < d} consists of exactly d — 1 points. 

By the condition (1) and Fact QJ2) 7 for each i with 3 < i < d, there exists T\ £ Gp i such that 
T i(Pi) — P%- Let {Q} = Tp 1 C l~l Tp 2 C . In addition, we have the following by the condition (2). 

(4) For any i with 3 <i < d, Tj(P 2 ) = Pi an d T i(Q) = Q- 

(5) For any i,j with 3 <i,j < d, TiTj(Pi) = Pi, T l T j (P 2 ) = P2 and nTj(Q) = Q. 

Lemma 3. For a suitable system of coordinates, we may assume that Pi = (1 : : 0), P2 = (0 : 
: 1) and Q = (0 : 1 : 0). 

By Lemma [3] and Proposition [TJ2) (4), Tj is given by a matrix 



t 



At 





ft, 







V a f 

for some ai £ K. Then, t^Tj is given by a matrix 















y 

Let H(C) be a subgroup of Aut(P 2 ) satisfying that 

(hi) 7 (Pi) = P u 7 (P 2 ) = P 2 and 7 (Q) - Q, 

(h2) {7(P,)|3 < i < d} = {Pi\3 < i < d}, and 

(h3) 7 (C) = C 
for any 7 £ H(C). 

Lemma 4. The group H(C) is a cyclic group whose order is at most d — 2 = g — 1. 

Proof. By the condition (hi) of H(C), for any 7 £ H(C), 7 is represented by a matrix 

/ a o\ 

A.-SJ — 



6 
1 



for some a,b £ K . We prove that 7 depends only on the image of P3. Precisely, we show that for 
71,72 £ H(C), if 71 (P3) = 72(^3), then 71 = 72. To prove this, it suffices to show that 7 = 1 if 
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7(Ps) = P3. Assume that 7(Ps) = P3. Since 7 fixes three distinct points Pi,P2,P3 on the line 
P1P2, 7 is identity on the line P1P2, by Lemma[2]Jl) in Section 2. We have a = 1, since P\Pi is 
given by Y — 0. On the other hand, by the condition (h3), j(Tp 3 C) — Tp :i C. Then, a point Qo 
given by T Pl C n T Ps C is fixed by 7. Note that Q ^ Q, Pi by Proposition \H$){1) and Fact[B;3). 
Since 7 fixes three distinct points Pi, Q, Qq on the line P\Q and PiQ is given by Z = 0, we have 
6 = 1. 

By the above discussion and the condition (h2), the order of H(C) is at most d — 2 = q — 1. 
We consider a group homomorphism from H(C) to P1P2 — P 1 given by restrictions. Then, this is 
injective by the above discussion. It follows from Lemma [2J2) that H(C) is cyclic. □ 

We consider a set S = {r 3 Ti\3 < i < d}. Then, S C H{C) by Proposition [Ij5)(l). Since the 
cardinality of S is q — 1, S = H(C) by Lemma |U Because H(C) is cyclic, there exist i such that 
r 3 Ti is a generator of H(C). Therefore, T 3 n is given by a matrix 

( C \ 

A T3Ti = C 
1 



V 



where £ is a primitive (q — l)-th root of unity. We denote T37-; by 7. 

By Proposition QJ3), there exists an element a 6 Gp x \ {1} such that the (1,2) and (1,3)- 
elements of a matrix A a representing a are not zero (see also Section 2). For a suitable system of 
coordinates, we may assume that a is represented by a matrix 

1 l\ 
1 
1 



(l 



A n = 



V 



An automorphism 7 J <77 J is represented by a matrix 

/ 1 c 3 C 2J \ 



J 



In particular, j^a^ G Gp x for any j with 1 < j < q — 1. Since the cardinality of a set 
{ 7 j CT7 -j|1 < j < g _ 1} c G Pl is q - 1, G Pl = {^aj-^l <j<q-l}U {1}. Then, a rational 
function g{x,y) := n Q eF<j( a ' + ay + a 2 ) G K{x,y) is fixed by any element of Gp 1 . Therefore, 
g(x, y) G K(y). By the conditions that the tangent line Tp x C — P\Q is given by Z = and that 



the tangent line Pp 2 C = P2Q is given by X — 0, and considering the degree of C, g(ir, y) = cy q+1 
in -ftf (x, y), where c £ K \ 0. Therefore, we have the equation f(x, y) = g(x, y) + cy q+1 = 0. 

Finally in this section, we investigate conditions for the smoothness of C. Let G(X, Y, Z) := 
Z q+1 g(X/Z,Y/Z) and let F(X,Y,Z) := Z q+1 f(X/Z, Y/Z). Then, by direct computations, we 
have F(Z,Y,X) = F(X,Y, Z). Since there exist exactly d points contained in C and a line 
defined by Y — 0, such points are smooth. Therefore, singular points should lie on F / 0. Let 
h(x, z) = G(x, 1, z). We consider h as an element of K {z)[x\. Then, a set {a + a 2 z\a G ¥ q } C K(z), 
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which consists of all roots of h(x,z) = 0, forms an additive subgroup of K(z). According to 
Proposition 1.1.5 and Theorem 1.2.1], we have the following. 

Lemma 5. The polynomial h(x,z) G if(z)[a;] has only terms of degree equal to some power of p. 
Especially, h x (x, z) = z q + z, where h x is a partial derivative by x. 

Assume that (x, z) G C is a singular point, i.e. h x (x,z) = h z (x,z) = 0. Then, (x,z) is 
F g -rational by Lemma [5] We have c ^ 1 by the following. 

Lemma 6. An equality {h(x, z)\x, z G ¥ q } = {0, 1} holds. 

Proof. If z = 0, then h(x, z) — 0. We fix z G ¥ q \ 0. We consider h(x, z ) = z IlasF ( x + a + 
a 2 zo) G ¥ q [x}. For each a G ¥ q , there exists a unique (3 G ¥ q such that x + a + a 2 z n = x + (3 + (3 2 Zq. 
Therefore, the cardinality of a set 5*0 := {a + a 2 zo|o ! G F 9 } is q/2 = 2 e ~ 1 . By direct computations, 
we find that any element of Sq is a root of a separable polynomial ho(x) = YII—q z 2 x 2 , which is of 
degree q/2. Then, h(x, zq) = ho(x) 2 as elements of F g [x]. Then, by direct computations, we have 
ho(x)(ho(x) + 1) = zo(x q + x) as elements of F g [x]. Assume x G ¥ q . Then, ho(x)(ho(x) + 1) = 0. 
Therefore, h(x, zq) — or 1. If we take 5*0, then ho(x) ^ and hence, h(x, zq) = 1. □ 

4. IF-PART OF THE PROOF OF THEOREM [T] 

We use the same notation as in the previous section, g,f,F, and so on. Let C be a plane 
curve given by Equation (flcf with c G K \ {0, 1}. As in the previous section, C is smooth. We 
prove 5(C) = d. We consider the projection ttp 1 from Pi = (1 : : 0). Then, we have the field 
extension K(x,y)/K(y) with f{x,y) — g(x,y) + cy q+1 = 0. Since (x + ay + a 2 ) + (3y + f3 2 = 
x + (a + 0)y + (a + (3) 2 , we have f(x + ay + a 2 , y) = f(x, y) for any a G ¥ q . Therefore, Pi is 
Galois. By the symmetric property of F(X, Y, Z) for X, Z, we find that a point (0 : : 1) is also 
inner Galois for C. We also find that there exist a tangent line T such that Iq(C, T) = 2 for some 
QeCnT. Therefore, C is not projectively equivalent to a Fermat curve of degree q + 1 (see, for 
example, [13]). According to [H Part III, Lemma 1 and Proposition 1], we have 5(C) = d. 

Remark 1. A projective equivalence class of a plane curve given by Equation \lc\ is uniquely 
determined by a constant c G K \ 0. Therefore, infinitely many classes exist. Precisely, we have 
Lemma^l\ below. 

Lemma 7. Let a, b G K \ and let C a (resp. Cb) be a plane curve given by Equation (JTcJ) with 
c = a (resp. c = b). If there exists a projective transformation cj) such that 4>(C a ) = Cb, then a = b. 

Proof. Let Pi , . . . , Pd be inner Galois points for C a , which are contained in a line defined by 
Y — 0. Then, Pi, ... Pd are also inner Galois for Cb- Since the tangent lines TpC a and TpCb at 
P = (a 2 : : 1) with a G ¥ q are given by the same equation X + aY + a 2 Z = 0, Tpfia — Tpfib 
for i = l,...,d. We may assume that Pi = (1 : : 0), P 2 = (0 : : 1) and P 3 = (1 : : 1). Let 
Q 2 = (0 : 1 : 0) and let Q 3 = (1 : 1 : 0). Then, T Pl C a n T P . 2 C a = T Pl C b fl Tp 2 C b = {Q 2 } and 
TpxCa (~l Tp 3 C a = Tp x Cb n Tp 3 Cb — {Qs}- Let be a linear transformation such that <fi(C a ) — Cb- 
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If 4>{Pi) = Pi for some i ^ 1, then we take a G Gp j (Cfc) for some j such that cr(Pi) = Pi, 
by FactQj2). Then, a o <fr(Pi) — Pi- Therefore, there exists a linear transformation (j> such that 
<t>{C a ) = Cb and 4>(Pi) — Pi- If ^(Pa) = Pi for some 3 < i < d, then we take r G Gp 1 (Cb) such that 
t(P3) = P2, by Fact[Tj2). Then, t o <fi(P2) = Pi- Therefore, there exists a linear transformation <fi 
such that 0(C O ) = Cb, </>(Pi) = Pi and 4>{P2) = P'z- If <f>(Pa) = P for some 4 < i < d, then we take 
7 G H(Cb) such that v(Pi) = P3, where H(Cb) is a group for C& discussed in the previous section. 
Then, 7 o (f)(Pj,) = P3. Therefore, there exists a linear transformation <j> such that (f>(C a ) — Cb, 
4>(Pi) = Pi for i = 1,2,3 and <j>(Qj) = Qj for j = 2,3. We find that 4> is identity by direct 
computations. Therefore, by considering the defining equations of C a and Cb, we should have 
a = b. □ 

Remark 2. If c = 1, then a plane curve C defined by Equation (lc) is parameterized as P 1 — > P 2 : 
(s : 1) I— > (s 9+1 : s 9 + s : 1). The distribution of Galois points for this curve has been settled in [B]. 

5. Proof of Theorem [2] (The case where / > 3) 

If we have two outer Galois points, then we note the following (see Section 2). 

Lemma 8. Let P, P 2 be outer Galois points for C . Then, any element 7 G Gp can be extended to 
a linear transformation off 2 , and hence 7(p2) G P 2 is also outer Galois for C. 

Let d = p e l, where e > 1, I > 3 and I divides p e — 1, and let P = (1 : : 0) be an outer Galois 
point. It follows from a generalization of Pardini's theorem by Hefez [9] (5.10) and (5.16)] and 
Homma p~2] that the generic order of contact for C is equal to 2, i.e. Ir(C, TrC) = 2 for a general 
point R : G C (see also PHUT]). 

Let M C P 2 be a projective line with P G M. We consider a homomorphism rp[M] : Gp — > 
Aut(M), which is induced from the restriction. Then, the cardinality of the kernel Ker rp[M] is a 
power of p. We denote it by p v ^ M \ Since the kernel Ker rp[M] is a subspace of Gp as Fp-vector 
spaces, we have the following diagram. 

(Z/pZ)® v ^ = Ker r P [M] 

I I 
->■ (Z/pZ)® e -> G P -> (0 1 

I I II 

-> (Z/pZ)® 6 -"^ -» Im r P [M] -> (C) -> 1 

Using lower splitting exact sequence as groups, we have the following. 

Lemma 9. The integer I divides p e ~ v ^ M \ — 1 for any line M with P G M. 

Hereafter in this section, we assume that P2 G P 2 \ {P} is an outer Galois point for C . 

Proposition 2. Assume that I > 3. Then: 

(1) v[PP2\ = e, and there exists a unique point Q G P 2 with Q ^ P such that 7(Q) = Q for 
any 7 G Gp. 

Let Q be the point as in (1). Furthermore, we have the following. 
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(2) If I > 5, then P 2 = Q. 

(3) If I — A and P2 ^ Q, then Q £ C or there exist two outer Galois point P?,,Pi such that 
j(Pi) = Pi for any 7 £ Gp, . 

(4) If 1 = 3 and P 2 ^ Q, then Q eC. 

Proof. Let 7 £ Gp\ /Cp and let L 7 be the line, which is a fixed locus, defined as in Section 2. The 
set C fl L 7 consists of d points, because TpC = PR ^ L 7 if R £ C (1 £ 7 by Fact QJ3) and Lemma 
[IJ2). Let r £ Qp be a generator and let L T be the line, defined as in Section 2. We denote v[PP2\ 
by v and assume that i> < e. 

We consider the case where 7(^2) = P2 for some 7 £ Gp \ /Cp. Let cr £ fCp 2 . Then, a(R) £ L 7 
and cr(R) ^ R if R £ G("lL 7 , by Fact[ljl)(3) and that L 7 consists of exactly d points. Furthermore, 
o-(P) £ T a[Rl) C n T a[R2) C = {P}, if i? 2 £ C n i 7 with R 1 ^ i? 2 . Therefore, we should have 
<t(P) = P. This is a contradiction to v < e. 

We consider the case where 7(^2) 7^ P2 for any 7 £ Gp\Kp. Assume that 71 (P2) = 72 (P2) for 
71 , 72 £ Gp. Note that any element 7 £ Gp is represented as 7 = ar l for some cr £ ICp and some i 
(see Section 2). Let 71 = o\t % and 72 = o^t^, where 01,02 £ /Cp. Since (t~ j ct 2 ~ 1 <7it : ')t 1 ~ : ' (P2) = 
P2 and r _J cr 2 _1 criT : ' £ /Cp, we have i = j and 7 2 _1 7i £ /Cp. Furthermore, we have 7 2 ~ 1 7i £ 
Ker rp[RP], since 7 2 ~ 1 7i(P) = P and 7 2 _1 7i(p2) = P2- Therefore, we have p e ~ v l + 1 outer 
Galois points on the line PP2, by Lemma |5] and that the group Im rp[PP2\ is isomorphic to 

(z/ P z,) (Be - v x (C). 

Let R £ C H L T . We consider points on the line PR. Let (jGp(P) = where Gp(R) is the 
stabilizer subgroup at P. Then we have p e ~ b flexes of order (ttG P (P) - 2) by FactWfi). We note 
that (p b l — 2)p e ~ b > p e (l — 2). Furthermore, for each outer Galois points, we spent at least degree 
(d — l)(p e (l — 2)) as the degree of the Wronskian divisor. Therefore, it follows from the degree of 
Wronskian divisor ([T71 Theorem 1.5]) that 

(p e - v l + l)(d - l)p e (l - 2) < M{d - 2). 

Then, we have 

(p e ~ v l + l)p e (l - 2) < 3d = 3p e l. 

Therefore, (p e ~ v l + 1)(7 - 2) - 3/ < 0. Note that p e - v - 1 > I by Lemmal Then, (I 2 + I + - 
2) — 3/ < 0. This is a contradiction. Therefore, v = e. 

In particular, the group Im rp[PP2\ is a cyclic group of order By Lemma[2j3) in Section 2, a 
fixed point by the group Im rp[PP2] which is different from P is uniquely determined. We denote 
it by Q. Then, j(Q) — Q for any 7 £ Gp, since 7 = err 1 for some a £ /Cp and some i. We have 

(1)- 

We prove (2). Assume that P2 ^ Q. Since the group Im rp[PP2\ is a cyclic group of order I, we 
have I + 1 outer Galois points on the line PP2 , by Lemma |S] Furthermore, for each outer Galois 
point, we spent at least degree (d — l)p e (l — 2) as the degree of the Wronskian divisor, similarly 
to the proof of (1). Therefore, it follows from the degree of Wronskian divisor (pTl Theorem 1.5]) 
that 

(I + l)(d - l)p e (l - 2) < 3d{d - 2). 
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Then, we have 

(l + l) P e (l~2) <3d = 3 P e l. 
Therefore, (/ + - 2) - 31 < 0. Then, I 2 - 41 - 2 < 0. We have I < 4. 

We prove (3). Assume that P2 ^ Q and Q $ C. Since Im rp[PP2] is a cyclic group of order I, 
the cardinality of C D PP2 is equal to I and there exists I + 1 outer Galois points on PP2 , by Fact 
H{3), Lemma [8] and the assumption. Let C D PP2 = {Pi, ■ • ■ , Ri} and let P, P%, . . . , P1+1 be outer 
Galois points. 

Let I — 4. The restriction rp[PP2](T) of the generator r G Qp is a generator of Im rp[Pp2]- We 
may assume that r(Pj) = Pi+i for i = 1,2,3,4, where P5 = Pi. We can take i]j e Im rpj[PP 2 ] 
such that r)j(R%) = R2 for j = 2,3,4,5 by FactQT2). We consider the case where at least three 
elements of {r)j} are of order 4. We may assume that 772, 773, 774 are of order 4. Assume that 
VjiR?) = -^4 f° r any j with 2 < j < 4. Then, we have r)j(R^) = P3. Since three points on the 
line PP2 has the same images under 772, 773, 774, these are the same automorphism of the line PP2 
by Lemma[2£l). Then, rjj fixes P2,P3,P4 for j = 2,3,4, because rjj(Pj) — Pj. This implies that 
77j is identity on PP2, by Lemma [2^1). This is a contradiction. Therefore, there exists j such that 
Vji-Rv) — R$- Then, we have r]j(R^) — R4. Therefore, r coincides with 77^ on the line PP2. Then, 
r(Pj) = rjj(Pj) = Pj Q. This implies that r fixes Pi,P? and Q. This is a contradiction. 

We consider the case where there exist distinct j, k such that rjj and rjk is of order 2. Then, 
r lj{R2) — Ri, Vj(Rz) — Ri an d Vj{R-i) — R3- This holds also for 77*,. Then r)j = rjk on the line PP2 
by LemmalHl). Then, r]j(P k ) = ??fe(Pfe) = Pk- Since the group Im r P] [PP2] is cyclic, ?7(Pfc) = Pt 
for any 77 G Im r Pj [PP2], by Lemma[2j3). If we take j = 3 and k = 4, then we have the conclusion, 
since any element of Gp j is a product of elements of ICp j and of Qp r 

We prove (4). Let I = 3. Assume that P2 ^ Q and Q €" C. We may assume that t £ Gp satisfies 
that r(Ri) = Ri+i for 7 = 1,2, 3, where P4 = R\. We can take 77 e Gp 2 such that tj(Ri) = R2, by 
Fact[Tj2). Then, we have 77^2) = P3 and 77^3) = Pi. This implies that r coincides with 77 on 
PP 2 , by Lemma|2i;i). Therefore, r(P 2 ) = 77(P 2 ) = P 2 ^ Q. This is a contradiction. □ 

Let Q G F 2 \ {P} be the point such that "f(Q) = Q for any 7 £ Gp, as in Proposition [2j We 
may assume that Q = (0 : 1 : 0) for a suitable system of coordinates. Then, the line PQ = PP2 is 
defined by Z = 0. Using Prepositional), we can determine the defining equation of C, as follows. 

Proposition 3. The curve C is projectively equivalent to a plane curve whose defining equation 
is of the form fix, y) = (X)o<m<e a m xP Y + h(y) = 0, where a e , . . . , cto € K and h(y) S K[y] is a 
polynomial. Furthermore, a e ao ^ 0, the derivative h'(y) is of degree d — 2, and polynomials h(y) 
and h'(y) do not have a common root. 

Proof. Let a G JCp and let r £ Qp be a generator, as in Section 2. We may assume that 
t*(x) = C^r. and t*t; = y for t* : K(C) — > K(C), where C, is a primitive Z-th root of unity. Let A a 
be a matrix representing er G K,p as in Section 2. Since L a is defined by Z = 0, the (1, 2)-element 
of Act is zero. Since the group ICp is a F p (£)-vector space, we have a system of basis b\, . . . , b m , 
where km = e. For any a G JCp, the (1, 3)-element of A a is given by a\b\ + • • • + a m b m for 
some (ct\, . . . ,a m ) G © m F p (£). We define go(%) = Y[r a a \( x + ^i a ibi) , where the subscript 
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(ai, . . . ,a m ) G ffi m F p (C) is taken over all elements. Let g = g . Then, we find easily that 
jg{x) = g(x) for any element 7 G Gp. Therefore, there exists an element h(y) G K (y) such that 
g(x) + h(y) = in K(C). Then, h{y) is a polynomial of degree at most d by considering the degree 
of C. On the other hand, a set {^2 i a,ibi\on G F p (£)} C K, which consists of all roots of go(%) = 0, 
forms an additive subgroup of K. According to [8} Proposition 1.1.5 and Theorem 1.2.1], the 
polynomial go has only terms of degree equal to some power of p, i.e. go = a e x p + ■ ■ ■ + a\x p + otox 
for some a e , . . . , «o E K. Since go is separable and has p e roots, we have a e ao 7^ 0. 

Finally, we prove that the degree of h'{y) is d — 2, and h(y) and h'(y) do not have a com- 
mon root. Since h(y) is of degree at most d = p e l, h'(y) is of degree at most d — 2. Let 
F(X,Y,Z) = f(X/Z,Y/Z)Z d , G Q (X,Z) = go{X/Z)Z pa and H{Y,Z) = h(Y/Z)Z d . Then, F x = 
IG^ianZP'- 1 ), F Y = By and F z = IG 1 ^ 1 {ot\X Z p ° ~ 2 ) + Hz- We have F x (X,Y,0) = 0. Since 
d = p e l, F Y (X,Y,0) = H Y (Y,0) = 0. Assume that h'(y) is of degree at most d - 3. Then, 
F Z (X, Y, 0) = + H Z {Y, 0) = 0. Therefore, C has singular points on the line defined by Z = 0. 
This is a contradiction to the smoothness of C . On the other hand, if there exist b € K such that 
h(b) = h'(b) = 0, then a point (a : b : 1) with go (a) = is a singular point. □ 

Lemma 10. Let C be a plane curve given by the equation as in Proposition^ Then, Q £ P 2 \ C 
and Q ^= P2 . 

Proof. It follows from Lemma EJl) and Fact |Tf4) that L a = PP2 for any a G /Cp 2 . Therefore, 
any ramified point R G C of 7rp 2 with Z 7^ is tame. Let 7tq be the projection from Q. Note 
that 7Tq(x : y : 1) = (x : 1). By the form of 7tq, if x — xq is a local parameter at (xo,yo) € C 5 
then (xo,yo) is not a ramification point. For a point (xo,yo) with f x (xo,yo) = Igo(xo) 1 ^ 1 ^ 0, 
y — ?/o is a local parameter. Therefore, ramification points of ttq in Z y= is contained in the 
locus ^ = h'(y)/f x = 0, which is equivalent to h'{y) = 0. Therefore, there exist d — 2 lines 
ii, . . . , ld-2 which contain P and d ramification points of ttq, by Proposition [3] Since Pi ^ P, for 
any ramification point R of ttq, the cardinality of a set P 2 R(l{R' G C|Q G Tjj/C} C ^-RnlJ^i 
is at most d — 2 . 

Assume that Q G C. It follows from Fact that Iq(C,~PQ) = d. By Fact QJ3) again, 
7(Q) = Q for any 7 G Gp 2 . Let i? G C be a ramification point of ttq in Z ^ 0. It follows from 
Lemmas [lj2) and Fact[lj3) that Q G TrC. Since 7(Q) = Q for any 7 G Gp 2 , Q G T^^C for any 
7 G Gp 2 . Then, the cardinality of C n P 2 -R is d and Q € T R >C for any ffeCfl P 2 #- This is a 
contradiction to that the cardinality of P 2 R n {R' G C|Q G Tp>C} is at most d — 2. Therefore, 
Q G P 2 \ C. 

Assume that Q G P 2 \ C and Q = P 2 - Then, the set C fl PP2 contains Z points, since the group 
Im rp[PP 2 ] is cyclic of order I, Let T2 G Qp 2 be a generator and let L T2 be the line defined as in 
Section 2. Then, the locus E = IJo-eKp (T (-^t 2 ) consists of p e lines. By considering the order of 
Gp 2 , the ramification locus of ttq in an affine plane Z ^ is contained in the locus S. Note that 
the set HcreyiCp <T (-^^2) consists of a unique point, which is not contained in C, by Fact |T](3) and 
that the set C fl PP2 contains two or more distinct points. Since the set C fl a(L T2 ) consists of 
exactly d points for any a G /Cp 2 , the number of ramification points in Z ^ is exactly p e x d. 
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On the other hand, for each b G K with h'(b) = 0, there exist exactly d points (a, b) such that 
f(a,b) = 0, since a e ao ^ and h{b) ^ by Proposition |3l Therefore, h'(y) has exactly p e roots. 
Let R be a ramification point of ttq which is contained in Z ^ 0. Since R is tame (stated above), 
ep is computed as the order of ^ = h'(y)/f x at R plus one. Since ep = I for any ramification 
point R G C with Z ^ 0, the polynomial is divisible by (jy — b) 1 ^ 1 if = 0. Therefore, 

h'{y) should be of the form c(y — bi) 1 ^ 1 ■ ■ ■ (y — bp?) 1 " 1 , which is of degree p e {l — 1). However, h'{y) 
is of degree p e l — 2, by Proposition [3J This is a contradiction. □ 

Proof of Theorem^ (when l>3). It follows from Lemma llOl that P 2 ^ Q and Q g C. If I > 5 or 
I — 3, then this is a contradiction to Proposition [2j2) (4). Assume that I = 4. Then, by Lemma 
[2]J3), there exists two distinct outer Galois points Ps,Pa such that 7(^4) = Pa for any 7 6 Gp 3 . 
Then, this is a contradiction to Lemma [TUJ □ 

6. Proof of Theorem [2] (The case where I < 2) 

Let p > 3, let e > 1, let Z < 2 and let C be a smooth plane curve of degree d — p e l > 4. We 
denote by C P 2 the line defined by Z = 0. Let P G P 2 \C be Galois with respect to C. Assume 
that P = (1 : : 0). Let 7 £ Gp and let Ay be a 3 x 3 matrix representing 7. Then, 

^ 011(7) 012(7) 013(7) ' 
A 1 = 1 

V 1 / 

where 011(7) = ±1 an d 012(7), 013(7) S if. Then, 7* (a:) = 011(7)1 + 012(7)2/ + 013(7)- N °te that 
fC P = {7 6 Gp|0n(7) = !}• Let ^(x, y) := l\ aeK , p (x + ai 2 (cr)y + a 13 (a)). Note that the set of 
roots {012(a)?/ + a\z{<j)\a G ICp} G A"(y) forms an additive subgroup of K{y). According to [51 
Proposition 1.1.5 and Theorem 1.2.1], g(x,y) G A[y][x] has only terms of degree equal to some 
power of p in variable x. 

Assume that 1 = 1. Then, ICp = Gp and g G K(y), since o~*g = g for any a G Gp. There exists 
h(y) G K(y) such that g(x, y) + h(y) = in K(x, y). This is a defining equation of C. Considering 
the degree, the rational function h(y) is a polynomial. 

Lemma 11. Assume that I = 1. Then, the defining equation of C is of the form g(x,y) + h(y) = 0, 
where g{x, y) G A[j/][x] has only terms of degree equal to some power of p in variable x. 

Assume that 5'(C) > 2. Let P 2 G P 2 \ (C U {P}) be Galois with respect to C. By taking a 



suitable system of coordinates, we may assume that P% = (0 : 1 : 0). Then, PP 2 = L^. Similar to 



the previous section, we consider a group homomorphism rp : Gp — s> Aut(Pf2), which is induced 
from the restriction. The cardinality of the kernel Ker rp is a power of p. We denote it by p v . 
Obviously, < v < e. Then, Ker r P = {a G G P \a(P 2 ) = P 2 } of Gp, by Lemma| 

Lemma 12. If 1 = 1, then v = e. 

Proof. We assume that v < e. Then, the coefficient of g(x, y) G A[jy][a;] of degree one in variable x 
is of degree p e — p v in variable y. By Lemma [TT1 p e — p v = p v (p e ~ v — 1) is a power of p. Therefore, 
pe-v _ j _ pb £ Qr some integer b. This implies b = and p = 2. This is a contradiction. □ 
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By Lemmas 1111 and 1121 we have a defining equation g(x) + h(y) — 0, where g,h has only terms 
of degree equal to some power of p. It is not difficult to check that C is singular. This is a 
contradiction. 

Assume that I = 2. Let t G Gp \ K,p. Then, r(x,y) = (—x + 012(7")?/ + 013(7-),?/) for some 
012(7"), 013(7-) G K. Then, G P = {crr^a G Kp,i = 0,1}. Note that ar(x,y) = (—x+ (a 12 (a) + 
012(7-))?/ + (013(0-) +ai 3 (r)),?/). Therefore, g(x,y) := Il 7 eGp = fffoj/) X ff(-a + Oi 2 (r)y + 

013(7"), y) = — g 2 (x, y) — g(x, y)g{— 012(7")?/ — 013(7-), y), since g(x, y) is additive in variable x. Since 
j*g(x,y) = g(x,y) for any 7 G Gp, there exists /i(y) G K(y) such that f(x,y) := g(x,y)+h(y) = 
in K(x,y). This is a defining equation of C, and /i(j/) is a polynomial. 

Lemma 13. Assume that I — 2. Then, the defining equation of C is of the form g (x,y) + 
g{x, y)g(ay + b,y) + h(y) + X = 0, where a,b,X G K , h(0) — and g G K[y] [x] has only terms of 
degree equal to some power of p in variable x. 

We consider P 2 = (0 : 1 : 0). It follows from Lemma [TBI that there exist polynomials gi(x,y) G 
.K"[x][y] and hi(x) G K[x) such that g±(x, y) has only terms of degree equal to some power of p in 
variable y and fi(x, y) := gf(x, y) + gi(x, y)gi(x, cx + d) + h±(x) + A2 is a defining polynomial of 
C for some c, d, A2 G K. Then, f(x, y) — f\(x, y) up to a constant. 

Lemma 14. If '1 = 2, then v = e. 

Proof. Assume that v < e. Then, g(x) has the term xy p ~ p . We consider the term x 2 y 2tyP ~ p ^ for 
f(x, y), which is not zero. Note that the polynomial g\{x, y)g\{x, cx + d) has only terms of degree 
equal to some power of p in variable y, and that the polynomial g 2 (x, y) has only terms of degree 
p t +p' = p l (l+p : >~ 1 ) with i < j and < i, j < e in variable y. Therefore, 2p v (p e ~ v — 1) = p l (l+p>~' 1 ) 
for some i,j with i < j. Then, we should have i = v and 2(p e ~ v — 1) = 1 +p J ~ t . This implies that 
2p e ~ v -p>~ 1 = 3. If j = i, then p = 2. If j ^ i, then p>~ l (2p e - v -i +l - 1) = 3. We should have 
p = 3, j — i = 1 and p e ~ v ~ 1 = 1. We have i = v = e — 1 and j = e. The polynomial /(x, ?/) also 
has the term x p +1 y p ~ p = x p +1 y 2p . Since g 2 (x,y) has the term x p +1 y p +p , gi(x,y) has 
the term x k °y p for some kg with (p e + l)/2 < fco < p e — p e_1 = 2p e_1 . Let k be the highest 
degree k such that the term x k y p " 1 of (/i(x, ?/) is not zero. Then, k > ko and g\{x, y) has the term 
x k+(p"-p^- 1 ) yP - 1 +i^ Note t hat (p e + l)/2 + (p e -p e - 1 ) = p e + (p e -2p e - 1 + l)/2 = p e + (p e - 1 + l)/2. 
Since g 2 (x, y) has the term x k+ ^ p ~ p ^y p +1 , k + (p e —p e ~ l ) = p 11 +p' 1 for some ?i < j\. Since 
p e + {p e ~ 1 + l)/2 < p n +P 31 , we have ji = e and ?i = e — 1. Therefore, k = 2p e ~ 1 . Assume 
that (p e + l)/2 < 2p e ~ 1 . Let k\ be the highest degree such that the term x kl y p ' 1 of gi(x,y) is 
not zero and (p e + l)/2 <k\<k. Then, g 2 (x,y) and g 2 (x,y) have the term x k + k iy 2 P° , Hence, 
fc + fci = p* 2 for some ?2 < j2- By an inequality p e + (p 6 ^ 1 + l)/2 < p 12 +p : ' 2 , we have J2 = e 

and i2=e—l, and fc = fci. This is a contradiction. Therefore, (p e + l)/2 = 2p e_1 . Then, we have 
e = l. 

Let p = 3 and e = 1. Then, g(x,y) = x 3 — (ay + f3) 2 x and gi(x,y) — y 3 — (a%x + P\) 2 y for 
some a, /3, G K with a, ai ^ 0. For a suitable system of coordinates, we may assume that 

ay + (3 = y. Then, g(ay + b,y) = {ay + bf - y 2 {ay + b) = (ay + b)((a + l)y + b)((a - l)y + b) = 
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(a 3 - a)y 3 - by 2 + b 3 and gi(x,cx + d) = (cx + d)((c + a)x + (d + /3))((c - a)x + (d - (3)). If 
a(a + l)(a — 1)^0, then f(x, y) has the term xy 5 . Then, g 2 (x, y) and gi(x, y)gi(x, cx + d) do not 
have this term. Therefore, a(a + l)(a — 1) = 0. We also have c(c + a)(c — a) = 0. 

Assume that g{ay + b, y) is of degree at most 1. Then, we find that g (ay + b,y) = and we have 
f(x,y) = x 6 - 2x 4 y 2 + x 2 y A + h(y), fi(x,y) = (y 3 - (atix + f3i) 2 y) 2 + (y 3 - (a 1 x + /3 1 )y)g 1 (x,cx + 
d) + h(x). If gi(x, cx + d) is of degree 2 in variable x, then fi(x, y) has the term x 2 y 3 . This is a 
contradiction. Therefore, gi(x, cx + d) is of degree at most 1. Then, gi(x,cx + d) = 0. We also 
find that h(y) does not have a term y. By direct computations, C has a singular point on a line 
defined by Y = 0. 

Assume that g (ay +6, y) is of degree 2. Then, b 7^ and f(x, y) = (x 3 — y 2 x) 2 + (x 3 — y 2 x)(— by 2 + 
b 3 ) + h(y) and f\(x,y) = (y 3 - (a\X + P\) 2 y) 2 + (y 3 - (ctix + (3i) 2 y)gi(x, cx + d) + h 1 (x). We also 
find that gi(x, cx + d) 7^ 0. Then, gi(x, cx + d) is of degree 2. If /3i 7^ 0, then g(x, y) has the term 
x 2 y. Since f(x,y) does not have the term x 2 y, this is a contradiction. Therefore, /3i = 0. Then, 
/i(x, y) = (y 3 — a| x 2 y) 2 + (y 3 — a\x 2 y)g\(x, cx + d) + h\(x). Then, f(x, y) has the term x 3 y 2 but 
fi(x,y) does not have it. □ 

By Lemma [Ml we have p v = p e . Then, g(x,y) £ if [a;] and g\(x,y) £ We denote g(x,y) 

by 3(2;) and ^(a:, y) by .gi(y). We have f(x, y) = g 2 (x) +g(a;)(.g(ay) +.g(fe)) + Aigf (y) + A 2 for some 
Ai,A 2 £ if. Let G(X,Z) = Z 2 P"g(X/Z) and let Gi(F,Z) = Z 2 'P' gi (Y/Z). Then, = 
Z 2 P c /(A/Z,r/Z) = G 2 (X,Z) + G(X,Z)(G(aY,Z) + g(b)Z 2 v°) + \ X G 2 (Y,Z) + X 2 Z 2 p\ Let a 
(resp. P) be the coefficient of XZ 2 p°^ (resp. YZ 2 ^- 1 ) for G(A, Z) (resp. Gi(Y, Z)). Then, F x = 
2G(X, Z)aZ 2 P°- 1 +aZ 2 P°- 1 (G(aY,Z)+g(b)Z 2 P°), F Y = aaZ 2 P' '- 1 G(X, Z) + 2X 1 G 1 (Y, Z)^"- 1 
and F z = -2G(X 1 Z)aXZ 2 P"- 2 - aX ZP"- 2 (G(aY, Z) + g(b)Z 2 P a ) + G(X,Z)(-a$Y Z 2 p°- 2 ) - 
2XiGi(Y,Z)f3YZ 2 P"- 2 . Therefore, F X (X,Y,Q) = F Y (X,Y,0) = F z (X,Y,0) = and we have 
singular points on the line Loo. 

We have the assertion of Theorem [2] 

7. Appendix: cubic curves 

If a smooth curve C is cubic, then the following proposition may be known. However, we can 
prove this, because it seems that an explicit proof is not given in any other published papers. 

Proposition 4. Let C be a smooth plane curve of degree three. Then, we have the following. 

(i) Ifp = 2, then 5' '(C) = or 12 (= 2 4 - 2 3 + 2 2 ). 

(ii) If p = 3, then 5'(C) = or 1. 

(iii) If p^ 2,3, then 5' '(C) = or 3. 

Furthermore, S'(C) > 2 if and only if C is projectively equivalent to a Fermat curve. 
Let C be a smooth cubic. Firstly, we note the following. 



Lemma 15. Assume that P £ P 2 is outer Galois. Then, any automorphism a £ Gp is a restriction 
of a linear transformation. 
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Proof. The linear system given by the embedding C C P 2 is complete and a(C D I) — C D I if Z is 
a line passing through P, by FactQJl). □ 

Lemma 16. Assume that p ^ 3 and P is outer Galois. Then, we have the following. 

(i) There exist three inflection points whose tangent lines contain P. (A point Q G C is called 
an inflection point if the intersection multiplicity Iq(C,TqC) > 3.) 

(ii) C is projectively equivalent to a Fermat curve. 

Proof. Assume that P = (1 : : 0) is outer Galois. It follows from Lemma [T5l that a generator 
t G Gp is given by a* z — Qz + ay + b and o~*y = y, where a,b G K and £ is a primitive cubic root 
of unity, if p ^ 3. A matrix A T representing t is diagonalizable, in fact, if we take 

( \ a b \ 
B = 1 — C 

v 1-Cy 

then B~ 1 A T B is a diagonal matrix whose diagonal elements ^, 1, 1. If we take ^ as a linear 
transformation B , then <fi(C) is given by X 3 +G(Y, Z) = 0, where G is a homogeneous polynomial 
of degree three. If aY + bZ is an irreducible component, then the line defined by aY + bZ = 
intersects a unique point Q of C, which is defined by X = aY + bZ = 0. Therefore, it follows from 
Bczout's theorem that Q is an inflection point and TqC is defined by aY + bZ = 0, which contains 
P. We have (i). 

Now we prove (ii). By the proof of (i), we may assume that C is defined by X 3 + G(Y, Z) = 0. 
We use the following fact on the automorphism of P 1 : for any triples (Ri, R2, R3) and (Si, S2, S3) 
given by Ri, Si G P 1 , there exist a linear transformation cf> of P 1 such that 4>(Ri) — Si for any i. 
By this fact, we have G(Y, Z) = a(Y 3 + Z 3 ) for some a G K , for a suitable system of coordinates. 
Therefore, C is projectively equivalent to a Fermat curve. □ 

Lemma 17. Assume that p = 3. Then, S'(C) < 1. 

Proof. The argument in the previous section for the case where d — p e is valid for this case. □ 

Proof of Proposition^ Assume that 5'(C) > 1. If p = 3, then we have the assertion by Lemma [T7l 
Let p 3. Then, by Lemma fTBT iih C is projectively equivalent to a Fermat curve X 3 + Y 3 + Z 3 = 0. 
It is not difficult to check that three points Pi := (1 : : 0), (0:1:0) and (0:0:1) are outer 
Galois. Therefore, S'(C) > 3. Let P2 be an outer Galois point which is not equal to such three 
points. Then, Pi is contained in a tangent line at an inflection point Q, by Lemma fTHT i). Since the 
number of inflection points is at most 9 (= 3d(d — 2)) (see [TTJ[T2J[T7] for example), Q is contained 
in a line X = 0, Y — or Z = 0. We may assume that Q is contained in a line X = 0. Then, TqC 
contains Pi and P^. By Lemma [151 and considering the action of Gp t , we have four Galois points 
Pi,P 2 ,Pz, Pi on the line TqC. Since there exists a point Q' such that G Tq>C but Pj £ TqiC if 
i ^ j, we have Gp i (lGp j = {1} if i ^ j, by Lemma[T]and FactQj3). Then, there exist 4x2 + 1 = 9 
automorphisms of C which fixes Q, by Lemma [1] and Fact[lj3). It follows from a property of an 
elliptic curve [HI Theorem 10.1] that p = 2. Since Homma's result [13] is valid for this case, we 
have S'(C) = 12. □ 
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